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ABSTRACT 
A method f o r  modeling the  general  th ree  terminal  d i s t r i b u t e d  
network is presented here.  'bo models t o  approximate the  t rans-  
mission parameters of a s e c t i o n  of the  d i s t r i b u t e d  l i m e  are in t ro-  
duced. By using an i terative matr ix  mul t ip l i ca t ion  process,  t he  
two models are a b l e  t o  approximate the  admittance parameters of 
the  d i s t r i b u t e d  network. The values f o r  t h e  parameters as obtained 
from the  models are compared with the  t h e o r e t i c a l  values  f o r  the  
cases of t he  uniform and exponent ia l ly  tapered l ines .  One of t he  
models is shown t o  give b e t t e r  o v e r a l l  accuracy than the  others .  
I. INTRODUCTION 
With the  advent of micro-electronics, d i s t r i b u t e d  RC networks 
are becoming increas ingly  important i n  electrical engineering. 
the  engineer &s c a l l e d  upon to analyze a c i r c u i t  which may contain 
d i s t r i b u t e d  networks , he is confronted with two formidable obstacles .  
F i r s t ,  immittances assoc ia ted  with d i s t r i b u t e d  RC networks w i l l ,  i n  
general ,  involve t ranscendental  functions.  This makes app l i ca t ion  
of s tandard network ana lys i s  techniques d i f f i c u l t ,  t o  say the  least. 
Second, a n a l y t i c a l  expressions f o r  these  immittances are ava i l ab le  
f o r  only a few d i s t r i b u t e d  networks and p a r t i c u l a r  geometries, and 
these expressions are completely d i f f e r e n t  f o r  each p a r t i c u l a r  
geometry. For example, the  admittance parameters assoc ia ted  with a 
d i s t r i b u t e d  network with an exponent ia l  t aper  have a form e n t i r e l y  
d i f f e r e n t  from the  admittance parameters of a d i s t r i b u t e d  network 
with a l i n e a r  taper.' The use of ana lys i s  techniques which employ 
the d i g i t a l  computer allow the  engineer t o  surmount the  numerical 
d i f f i c u l t i e s  assoc ia ted  with the  ana lys i s  of networks which contain 
d i s t r i b u t e d  RC networks, and the  use of a modeling technique t o  be 
presented here  allow him t o  perform t h i s  ana lys i s  regardless  of the  
geometrical  configurat ion of the d i s t r i b u t e d  networks. 
Uhen 
Two models f o r  t he  th ree  terminal d i s t r i b u t e d  network w i l l  be 
These models employ an iterative compu- presented i n  t h i s  repor t .  
t a t i o n  technique t o  approximate the  admittance parameters of the 
d i s t r i b u t e d  network. 
d i s t r i b u t e d  netowrk, regard less  of the  geometrical  configurat ion of 
The models may be appl ied t o  any th ree  terminal  
t h a t  network. It  w i l l  be shown t h a t  they give an accurate  approxi- 
mation t o  the  admittance parameters of uniform d i s t r i b u t e d  networks 
and d i s t r i b u t e d  networks with an exponential  taper .  F ina l ly ,  c e r t a i n  
conclusions w i l l  be reached regarding the accuracy of each of t h e  two 
models, and one of the  models w i l l  be shown t o  give the more accurate  
o v e r a l l  approximation. 
11. PRESENTATION OF THE MODELS 
I n  t h i s  s ec t ion  two models a r e  presented which may be used 
approximate the  admittance parameters of a three  terminal  d i s t r i b u t e d  
etwork a t  some spec i f i ed  f equency. Both of these  models u t i  
t h e  same b a s i c  concept. 
divided i n t o  a number of elemental  s ec t ions ,  and the  r e s i s t a n c e  and 
capacitance assoc ia ted  with each sec t ion  is spec i ed ,  F i r s t  the  
The d i s t r i b u t e d  network t o  be analyzed is 
ibuted  network. The 
arise i n  the  models can 
o a s u f f i c i e n t  number 
s used i n  the  itera- 
s may e a s i l y  be made 
The Difference Equation Approximation 
The approximation of the transmission parameters of an elemental  
ion by a d i f f e rence  equation w i l l  be considered f i r s t .  
A d i f € e r e n t i a l  sec ion  of the  d i s  
by t he  c i r c u i t  shown i n  Fig. 2.1. 
second order  d i f f e r e n t i a l s ,  w e  have f o r  s inuso ida l  steady state 
condi t ions : 
ibu ted  network may be approximated 
I f  w e  neglect  terms involving 
Av - -irAx 
where K and c are respec t ive ly  r e s i s t ance  and capacitance per  u n i t  
length,  w is the  angular frequency, and v, i, Av, and Ai a r e  phasors,  
represent ing the  vol tages  and cur ren ts .  
vol tages  and cur ren ts  a t  the  po r t s  of t h i s  d i f f e r e n t i a l  s ec t ion  by 
the  matr ix  equation 
We may now represent  the  
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Fig. 2 .1  Equivalent Circuit for a Differential  Section 
of the RC Distributed Network 
Fig. 2.2 Equivalent Circuit for an Elemental Section 
of the RC Distributed Network 
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v + q  [ l  -rAx1 v 
Equation (2.3) may be inver ted  t o  obtain:  
Again, terms involving second order  d i f f e r e n t i a l s  have been neglected.  
Now l e t  us suppose w e  have a d i s t r i b u t e d  network divided i n t o  a 
number of e lemental  sec t ions .  
the c i r c u i t  shown i n  Fig. 2.2. We may now relate the p o r t  vo l tages  
and cur ren ts  by an equat ion analogous t o  (2.4). This is 
The k th  s e c t i o n  may be approximated by 
where w e  again assume s inuso ida l  s teady s ta te  
( 2 . 5 )  
condi t ions , and where 
o is  the angular  frequency. 
u n i t  length of the  sec t ion ,  mul t ip l ied  by t h e  length of t he  sec t ion .  
S imi la r ly  C is the  mean value of t he  capacitance per  u n i t  length 
mul t ip l ied  by the  length of the  sec t ion .  
phasors represent ing the  vol tages  and cur ren ts .  
Rk is t he  mean value of r e s i s t ance  pe r  
k 
Ik, IHl, Vk and Vk+l are 
The matr ix  of (2.5) is t he  transmission matr ix  of t h e  k th  ele- 
mental sec t ion .  I f  t he  transmission matrices of each of t he  elemental  
s ec t ions  of t he  l i n e  are mul t ip l i ed  toge ther  i n  order ,  t he  transmission 
matr ix  f o r  t he  e n t i r e  d i s t r i b u t e d  network is approximated. 
tance parameters of t he  network are read i ly  obtained from the  t rans-  
mission parameters. 
The admit- 
A model equiva len t  t o  the  Difference Equation Model has been 
reported i n  the  l i t e r a t u r e .  As w e  s h a l l  see i n  t h i s  r epor t ,  the  
model t o  be discussed next ,  namely, the Lumped Element Model provides 
b e t t e r  genera l  r e s u l t s  than t h e  Difference Equation Hodel. 
2 
4 
Lumped Element Approximations 
A d i f f e r e n t  approximation f o r  the  admittance parameters is obtained 
i f  w e  consider % and Ck i n  the  network shown i n  Fig.  2.2 as elements 
i n  an ordinary lumped RC network and obta in  a se t  of equat ions analogous 
t o  (2.5). Thus w e  f i n d  
subs t iku t ing  (2.6) f o r  V i n t o  (2.7) r e s u l t s  i n :  k+l 
Using matrix format w e  may w r i t e  (2.6) and (2.8) as 
Inver t ing  the  mat r ix  of (2.9) t o  obta in  the t ransmission parameters of 
the  elemental  s e c t i o n  w e  have: 
The computstion of the admittance parameters from (2.10) is e a s i l y  
accomplished. 
I n  t h i s  s e c t i o n  w e  have presented two models which may be used 
t o  provide an approximation t o  the  admittance parameters of a d i s t r i -  
buted RC network. The two models d i f f e r  only i n  the  method used t o  
approximate the  transmission parameters of an elemental  s e c t i o n  of 
the  network. The accuracy of the  approximation depends upon the  num- 
be r  of e lemental  sections i n t o  which the  network is  divided,  the  
accuracy improving as the  number of s ec t ions  is increased. 
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111. RESULTS WITH A UNIFORM DISTRIBUTED NETWORK 
I n  t h i s  s e c t i o n ,  w e  compare the  r e s u l t s  f o r  the  admittance para- 
meters of the  uniform d i s t r i b u t e d  network wi th  the  t h e o r e t i c a l  values .  
A performance c r i t e r i o n  is introduced t o  compare the  accurac ies  of the  
models. Certain p a t t e r n s  i n  the approximation e r r o r  a s soc ia t ed  with the  
models are observed. 
Theore t i ca l  Values of the  Admittance Parameters 
Although a n a l y t i c a l  expressions f o r  t he  admittance parameters of 
an a r b i t r a r i l y  tapered d i s t r i b u t e d  RC network are not  a v a i l a b l e  i n  
c losed form, an exact r ep resen ta t ion  f o r  the  admittance parameters of 
a d i s t r i b u t e d  network with an exponent ia l  t aper  under condi t ions of 
s inuso ida l  s teady state e x c i t a t i o n  has been obtained. 
network i s  charac te r ized  by the  r e l a t i o n s  
An exponent ia l  
a x  
- a x  
r ( x )  = ro e 
c(x) = c e 
0 
where r (x )  and ~ ( x )  are the  r e s i s t a n c e  and capacitance per  u n i t  length 
a t  some po in t  along the  l i ne .  Kaufman and Garrett have derived the  
admittance parameters of the  o n e n t i a l  network used as a two-port. 
I f  w e  def ine  the  t o t a l  length of the  network as L,  the  admittance para- 
1 
meters are given by 
1 - 
rOL 
? ?  
- -aL/2 aL -8e - -  8 
tanh 8 2 s i n h  8 
-aL12 - Qe 
s inh  0 
where e - (- OLLL + jurocoL 2 1 1 / 2  
4 
For the case of the  uniform network (a = 0) , ( 3 . 3 )  reduces t o  
1 
R 
= -  
8 
tanh 0 
- 8  i s i n h  8 8 
( 3 . 3 )  
( 3 . 4 )  
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where 8 = (jwRC)1’2 and R and C are respec t ive ly  t h e  t o t a l  r e s i s t a n c e  
and capacitance of the  network. 
I t  should be noted t h a t  i n  (3.3) the  magnitude of t he  admittance 
parameters va r i e s  inverse ly  with the  r e s i s t a n c e  r L when the  q u a n t i t i e s  
a L  2 - and w r  c L remain constant ,  and t h a t  the  parameters depend only 2 0 0  
upon the  product w r  c L when r and - are he ld  constant.  Thus, when 
aL - remains constant ,  the  magnitude and frequency normalization charac- 2 
teristics resemble those of a lumped RC network. 
def ined as the  degree of t ape r  of the  network. 
0 
2 a L  
0 0  0 2 
a L  The parameter 2 is 
1 
The comparison of r e s u l t s  using the  t w o  models f o r  the  RC d i s t r i -  
buted network is s i m p l i f i e d  i f  the  comparison is  based on normalized 
values  f o r  the  d i s t r i b u t e d  network parameters. I f  the  v a l i d i t y  of t he  
models is inves t iga t ed  f o r  un i ty  values  of r 0’ c 0 and L, the  conclusions 
reached w i l l  apply f o r  any exponent ia l  network with the  same degree of 
taper .  I n  the  case of the  uniform d i s t r i b u t e d  network, the  equiva len t  
condi t ions are uni ty  values  f o r  R and C. A l l  r e s u l t s  t h a t  follow are 
given f o r  normalized d i s t r i b u t e d  network parameters. 
Resul ts  Comparing the  Accuracy of Each of t h e  Parameters 
A computer program w a s  developed t o  compare the  r e s u l t s  f o r  the  
admittance parameters of the  uniform d i s t r i b u t e d  network using both 
the  Difference Equation Model and the  Lumped Element Model with the  
t h e o r e t i c a l  values  of t he  parameters obtained from (3.3). 
comparing the  t h e o r e t i c a l  values  of t he  yll and y12 parameters with 
the  values  obtained using the  models are shown i n  the  graphs of Fig. 3.1 
through Fig. 3.4. 
approximation. The graphs show t h a t  both models approximate the  net- 
work t o  exac t ly  the  same degree of accuracy a t  l o w  frequencies ,  b u t  
t h a t  the  Difference Equation Model gives  b e t t e r  r e s u l t s  f o r  y a t  
high frequencies ,  and t h e  Lumped Element Model g ives  b e t t e r  r e s u l t s  
f o r  y a t  high frequencies .  It w a s  found t h a t  t h e  r e s u l t s  f o r  t h e  
The r e s u l t s  
Both of the  models used 40 elemental  s ec t ions  i n  the  
11 
12 
parameter were s i g n i f i c a n t l y  b e t t e r  using the  Lumped Element Model, 
and t h a t  r e s u l t s  f o r  t he  yZ2 parameter were b e t t e r  using the  Difference 
y21 
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Equation Model. The magnitudes of the  e r r o r  were of t h e  same order  
as f o r  the  y and y parameters, so a d d i t i o n a l  graphs were not  
included. A s  a genera l  r u l e ,  then, the Difference Equation Model 
g ives  b e t t e r  r e s u l t s  f o r  t he  inpu t  and output  admittance parameters 
and the  Lumped Element Model gives  b e t t e r  r e s u l t s  f o r  the  t r a n s f e r  
2 1  11 
admittance parameters. 
The graphs of F ig ,  3 , l  hrough Fig.  3,4 also show 
a much l a r g e r  e r r o r  i 
ence Equation Model f o r  e t r a n s f e r  parameters than here  is  using 
This would s e e m  
both the  phases and magnitude using t h e  Differ-  
e Lumped Element Model f o r  t he  inpu t  parameters, 
h a t  t he  Lumped Element Model would provide b e t t e r  over- 
a l l  accuracy f o r  t he  en ire network. That t h i s  is indeed t h e  ease 
w i l l  be shown i n  the  following s e c t i o n s ,  
Comparison of Average Er ro r  vs. Frequency 
The graphs of F i g o  3,5 and Fig.  3.6 show the  average e r r o r  i n  
magnitude and phas i v e l y  f o r  both odels  f o r  var ious  values  of 
ers of elemental  s e c t i o n s ,  By average error, 
tudes of t he  errors i n  the  fou r  parameters w e r e  added 
d iv id ing  by four ,  
The graphs show c l e a r l y  t h a t  the  e r r o r  i n  both magnitude and phase 
increases  rap id ly  a t  high frequencies ,  A comparison shows t h a t  t h e  
e r r o r  i n  both the  magnitude and phase is smaller f o r  t h e  Lumped Element 
Model when the  same number of s ec t ions  i s  used. As expected, t he  
graphs show tha  B;he e r r o r  decreases f o r  both models as the  number of 
s ec t ions  is  increased.  
Notice t h a t  the  average e r r o r  i n  magnitude f o r  t he  Lumped Element 
Model using 40 sec t ions  is  near ly  as low as t h e  e r r o r  of t he  Difference 
Equation Model a t  a l l  f requencies ,  and the  average e r r o r  i n  phase f o r  
the  Lumped Element Model using 20 sec t ions  is lower than the  error f o r  
the  Difference Equation Model using 100 sections a t  any frequency above 
20 radians pe r  second. 
I n  summary, t he  graphs of Fig.  3.5 and Fig.  3.6 show t h a t  t h e  
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Lumped Element Model provides a much more accura te  o v e r a l l  approxi- 
mation t o  the  admittance parameters a t  high frequencies .  
In t roduct ion  of an Overal l  Performance Cr i t e r ion  
Although the  graphs i n  Fig. 3.1 through Fig.  3.6 i n d i c a t e  t h a t  
the  error i n  approximation is lower using the  Lumped Element Model 
a t  high frequencies ,  they f a i l  t o  g ive  a meaningful representa t ion  of 
the  e r r o r  w e  might expect  i n  a t y p i c a l  app l i ca t ion  of the  d i s t r i b u t e d  
network, o r  of the  a d d i t i o n a l  b e n e f i t s  as the  number of s ec t ions  used 
i n  the  models i s  increased. An o v e r a l l  performance c r i t e r i o n  t h a t  
i nd ica t e s  t he  expected accuracy of the  approximation of a network i n  
a t y p i c a l  c i r c u i t  app l i ca t ion  w a s  t he re fo re  developed. 
Kaufman and Garrett have shown t h a t  when a uniform d i s t r i b u t e d  
network is used as a notch f i l t e r ,  the  frequency of t he  notch is about 
10 radians p e r  second i f  un i ty  values of R and C are used.' The per- 
formance c r i t e r i o n  developed assumes t h a t  i n  most c i r c u i t  app l i ca t ions ,  
the  f requencies  of i n t e r e s t  w i l l  range from 1 t o  100 radians per  second 
(assuming R and C are normalized t o  u n i t y ) $  and t h a t  i n  most cases the  
frequency range of i n t e r e s t  w i l l  c en te r  around 10 radians p e r  second. 
The o v e r a l l  performance c r i t e r i o n  gives  t h e  most probable average 
e r r o r  i n  an admittance parameter i f  the  most probable f requencies  of 
i n t e r e s t  are normally d i s t r i b u t e d  logar i thmica l ly  about 10 rad ians  per  
second. That is, the  average e r r o r  a t  any frequency is mul t ip l i ed  by 
the  dens i ty  func t ion  0(w), and mul t ip l i ed  by the  i n t e r v a l  between f r e -  
quency sample po in t s  A,  where the  q u a n t i t i e s  +(w) and A are def ined 
by the  following r e l a t i o n s :  
- -  
where $(x) = - ' e  2 
J2r 
(3.7) 1 A = log  w2 - log w 
where w and w2 are success ive  frequency sample po in t s ,  w2 is g r e a t e r  1 
15 
1' than w and w is the  geometric mean of w and w 1' 2 
The funct ion $(x) is t h e  normal d i s t r i b u t i o n  func t ion  centered a t  
zero with var iance q u a l  t o  one. 3 
The o v e r a l l  performance c r i t e r i o n  is not  intended pr imari ly  t o  
i n d i c a t e  exac t ly  the  numberical value of t he  most probable average 
e r r o r  i n  an admittance parameter, bu t  r a t h e r  t o  provide some indica- 
t i o n  of the  order of e r r o r  t h a t  one might expect i n  a t y p i c a l  appli-  
ca t ion ,  and t o  provide a meaning b a s i s  f o r  comparison of the  two 
models. 
mance as the number of s ec t ions  used is increased. 
The c r i t e r i o n  is a l s o  used t o  show improvement i n  perfor- 
Comparison of the  Models on the  Basis of t h e  Overall Performance 
C r i  t e r ion  
The graphs of Fig. 3.7 and Fig. 3.8 show the  average e r r o r  t o  be 
expected respec t ive ly  i n  magnitude and phase f o r  the  two models using 
var ious numbers of sec t ions .  The average e r r o r  t o  be expected is 
ca lcu la ted  on the  b a s i s  of the  o v e r a l l  performance c r i t e r i o n  previously 
defined. The graphs show t h a t  the  o v e r a l l  performance of the  Differ-  
ence Equation Model approaches t h a t  of t he  Lumped Element Model with 
respec t  t o  magnitude e r r o r  as the  number of s ec t ions  is increased t o  
100. On the  o the r  hand, t h e  o v e r a l l  performance with respec t  t o  phase 
e r r o r  is much b e t t e r  using the  Lumped Element Model, even as t he  number 
of s ec t ions  is  increased t o  100. 
evidence needed t o  dec lare  t h a t  t h e  Lumped Element &del  gives  t h e  
b e t t e r  o v e r a l l  performance of t h e  two f o r  the  case of t h e  uniform dis-  
t r i b u t e d  network. 
These two graphs provide the  f i n a l  
The graphs a l s o  show tha t ,  f o r  t he  case of the  uniform d i s t r i b u t e d  
network, t he  average e r r o r  t o  be expected does no t  decrease s i g n i f i -  
cant ly  with an increas ing  number of s ec t ions  a f t e r  about 60 sec t ions .  
This would i n d i c a t e  t h a t  most of t he  improvement i n  accuracy occurs 
a t  f requencies  above 100 radians pe r  second a f t e r  the  number of s ec t ions  
is increased above 60. 
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From the  above d iscuss ion  w e  see t h a t  when the  r e s u l t s  f o r  the  
admittance parameters of the  uniform d i s t r i b u t e d  network as obtained 
from the  two models are compared with t h e o r e t i c a l  r e s u l t s ,  c e r t a i n  
p a t t e r n s  are present  i n  the  approximation e r r o r .  The Difference Equa- 
t i o n  Model gives  b e t t e r  r e s u l t s  f o r  i npu t  and output  admittance para- 
meters, while  the  Lumped Element Model gives  b e t t e r  r e s u l t s  f o r  the  
t r a n s f e r  parameters. For both models, e r r o r  increases  rap id ly  a t  
high frequency, and the  average e r r o r  i n  both magnitude and phase is 
less a t  higher  f requencies  using the  Lumped Element Model. The expected 
average error, ca l cu la t ed  using an o v e r a l l  performance c r i t e r i o n ,  does 
no t  decrease s i g n i f i c a n t l y  a f t e r  the  number of s ec t ions  is increased 
p a s t  about 60 f o r  both models, but  a comparison of t h i s  e r r o r  provides 
a f i n a l  i n d i c a t i o n  t h a t  t h e  Lumped Element Model has  a g r e a t e r  degree 
of o v e r a l l  accuracy. 
IV. RESULTS WITH AN EXPONENTIALLY TAPERED DISTRIBUTED NETWORK 
I n  t h i s  s ec t ion ,  w e  compare the  r e s u l t s  f o r  t he  admittance para- 
meters of the  exponent ia l ly  tapered network obtained from the  models 
with the  t h e o r e t i c a l  values .  The o v e r a l l  performance of the  models is  
compared on the  b a s i s  of the  o v e r a l l  performance c r i t e r i o n  introduced 
i n  the  l as t  sec t ion .  
Resul ts  Comparing the Accuracy of the  Parameters 
A computer program w a s  developed t o  compare the  r e s u l t s  f o r  the  
admittance parameters from (3 ,3 )  with the  r e s u l t s  obtained from both 
models. The r e s u l t s  w e r e  compared f o r  a = 1, a = 2, and a = 3. I n  
a l l  cases, the  conclusions reached were the  same as i n  t he  case of 
the  uniform d i s t r i b u t e d  network. Both models approximate the  r e s u l t s  
t o  the  same degree of accuracy a t  l o w  f requencies ,  bu t  t he  Difference 
Equation Model g ives  b e t t e r  resul ts  f o r  yll and y a t  high frequencies .  22 
The Lumped Element Model gives  b e t t e r  r e s u l t s  f o r  t he  y12 and yZ1 
parameters a t  high frequencies.  
work, t he  average e r r o r  i n  phase and magnitude both increase  rapidly 
As with the  uniform d i s t r i b u t e d  net-  
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with increas ing  frequency, bu t  i f  both models use t h e  same number of 
elemental  sec t ions ,  the Lumped Element Model provides a more accura te  
approximation a t  high frequency, 
using the  Overall Performance Cr i t e r ion  
Kaufman and Garrett have shown t h a t  when the  exponent ia l ly  tapered 
d i s t r i b u t e d  network is used as a notch f i l t e r ,  t he  frequency of the  
notch is about 10 radians per  second i f  uni ty  values  of ro, c 
are used.' 
two, and three.  
introduced i n  the last  sec t ion ,  f o r  t h e  exponent ia l ly  tapered network 
as w e l l  as f o r  the  uniform network. 
and L 
0 ,  
The frequency is nearly the  same f o r  a equal  t o  zero,  one, 
We may then use the o v e r a l l  performance c r i t e r i o n ,  
The graphs of Fig. 4.1 and Fig. 4.2 show the  average expected 
e r r o r  i n  magnitude and phase respec t ive ly  f o r  var ious numbers of sec- 
t i ons  and f o r  var ious values  of a. The graphs of Fig. 3.7 and Fig. 3.8 
f o r  the  uniform network (a = 0) are shown on the  same scales f o r  re fer -  
ence. The graph of Fig. 4.1 shows t h a t  the  expected average e r r o r  i n  
magnitude decreases uniformly with increas ing  number of s ec t ions  f o r  
both models and f o r  a l l  values of a. 
t i o n  Model is v i r t u a l l y  the  same f o r  a equal  t o  one, two, o r  three ,  
and runs s l i g h t l y  less than the  e r r o r  f o r  a equal  t o  zero. 
of the  Lumped Element Model, t h e  e r r o r  f o r  low numbers of s ec t ions  
increases  as a increases  from one t o  th ree ,  and the  e r r o r  is again 
less than f o r  a equal  t o  zero f o r  more than 30 sec t ions .  
The e r r o r  in the  Difference Equa- 
I n  the  case 
The expected average e r r o r  i n  phase shown i n  the  graph of Fig. 4.2 
shows t h a t  f o r  the Difference Equation Model, the phase e r r o r  decreases 
uniformly as t h e  number of s ec t ions  is  increased f o r  a l l  values of a ,  
and the  graphs f o r  a equal  t o  one, two, and three  coincide as i n  the  
case of the  magnitude e r ro r .  The apparently s t r ange  behavior i n  the  
graphs f o r  the  Lumped Element Model requi res  an explanation. One of 
the frequencies  w e d  f o r  comparison of t he  models w a s  100 rad ians  per  
sacond. As i n  t h e  case of the  uniform network, there  is a change i n  
20 
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the  phase of the  y and y parameters from a value of -180 degrees 
t o  +I80 degrees near 100 radians per  second. This e f f e c t i v e  change 
i n  the value of phase f o r  t he  uniform network is shown i n  the  graph 
of Fig. 3.4. This change i n  phase r e s u l t e d  i n  nominal phase e r r o r s  
of near ly  360 degrees a t  the  frequency of 100 radians per  second f o r  
most cases using 
12  21  
e Lumped Element Model. This l a rge  e r r o r  a t  100 
adiaris per  second, which is e d i r e c t  r e s u l t  of def ining hhe phase 
i n  such a way as t o  make i t  a s i n g l e  valued ion  of frequency, 
e high phase e r r o r  f o r  the e a l l y  tapered d i s t r i b u t e d  
network as shown i n  the e e r r o r  f o r  100 sec t ions  
when a equals  hree  provides a more a ion  of t he  per- 
formance of t h e  L ase e r r o r  then, is ac 
a l l y  even less f o  e Lumped Element han might be apparent from 
considerat ion of aph alone, We n conclude t h a t  the Lumped 
Element Model gives b e t t e  o v e r a l l  r e s u l t s  than the Difference Equation 
Model f o r  an exponent ia l ly  tapered network. 
V. CONCLUSION 
The r e s u l t s  as presented i n  the  preceding sec t ions  of t h i s  r epor t  
show t h a t  both models g ive  an a c c u r a t ~  app oximation t o  the a an ce 
parameters of a uniform OK exponent ia l ly  tapered d i s t r i b u t e d  network, 
Though only these two s p e c i a l  cases ere t e s t ed ,  t he  echniques are 
readi ly  appl icable  t o  determine an approximation f o r  any th ree  terminal  
d i s t r i b u t e d  RC network. 
I n  p rac t i ce ,  the  use of the Lumped Element Model w i l l  e n t a i l  l i t t l e  
add i t iona l  computation t i m e .  This follows from the f a c t  t h a t  most of 
the computation involves  t h e  determination of \ and % f o r  each s e c t i o n  
of t he  tapered d i s t r i b u t e d  network and the mul t ip l i ca t ion  of t he  matrices. 
Thus, t he  use of the  Lumped Element Model involves only a s l i g h t  increase  
i n  computation t i m e .  To see t h i s  note  t h a t  a s i n g l e  mul t ip l i ca t ion  is 
requi red  t o  form the  elements of t he  matr ix  of (2.5), while two multi- 
p l i c a t i o n s  and one addi t ion  are required t o  form t he  elements of the  
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matrix of ( 2 . 5 ) ,  while two mul t ip l i ca t ions  and one add i t ion  are 
required t o  form the  elements of t he  matr ix  of (2.10). Thus, i f  
t he re  are n sec t ions ,  s e t t i n g  up the  n matrices required f o r  the  
Lumped Element Model requi res  3n operat ions,  while  t he  same process 
requi res  n opera t ions  i n  the  case of the  Difference Equation Model. 
N o w  consider t he  operat ions necessary f o r  mult iplying t h e  matrices. 
These w i l l  be the  s a m e  no matter which model is used. Each mat r ix  
mul t ip l i ca t ion  r equ i r e s  e i g h t  complex mul t ip l i ca t ions  and fou r  com- 
p l ex  addi t ions .  Each complex add i t ion  requi res  two opera t ions ,  and 
each complex mul t ip l i ca t ion  requi res  s i x  operat ions so  the  matr ix  
mul t ip l i ca t ion  w i l l  r equ i r e  a t o t a l  of 56(n-1) operat ions.  Clear ly ,  
the extra t i m e  required by the  2n a d d i t i o n a l  operat ions necessary 
t o  set up the  matrices f o r  t he  Lumped Element Model w i l l  be negl i -  
g i b l e  compared t o  the t o t a l .  
by E. C. B e r t i n o l l i  which is equiva len t  t o  our  Difference Equation 
Model may be considerably improved wi th  an i n s i g n i f i c a n t  increase  i n  
computation t i m e .  Evidently neglec t ing  the  e f f e c t s  of second order  
d i f f e r e n t i a l  terms is unwise when a f i n i t e  number of s ec t ions  is 
used t o  approximate the  d i s t r i b u t e d  l i ne .  
Thus w e  conclude t h a t  t he  model proposed 
The primary importance of the  models analyzed i n  t h i s  r epor t  
lies i n  the  f a c t  t h a t  they provide a technique t h a t  may be appl ied  
t o  any th ree  te rmina l  d i s t r i b u t e d  network, regard less  of the geometry 
of t h a t  network. Previous techniques of a n a l y s i s  depend upon the  
geometry of the  network, and the re  are many geometries which remain 
unexplored f o r  the  reason t h a t  no ana lys i s  technique has been avail- 
able .  The models presented here  may e a s i l y  be incorporated i n  a 
network ana lys i s  computer program t h a t  could be used i n  the  ana lys i s  
of c i r c u i t s  which employ d i s t r i b u t e d  networks i n  add i t ion  t o  lumped 
elements and a c t i v e  devices.  Such a program has been developed and 
w i l l  be discussed i n  a subsequent repor t .  
24 
SELECTED BIBLIOGRAPHY 
1. Kaufman, W. M. and S .  J. Garrett. Tapered d i s t r i b u t e d  f i l t e r s ,  
IRE Trans. on C i r c u i t  Theory, Vol CT-9, December, 1962, pp. 329-336. 
2. B e r t i n o l l i ,  E. C. and C. A. i f a l i j a k ,  Dis t r ibu ted  Parameter RC 
Network Analysis,  IEEE I n t e r n a t i o n a l  Convention Record, P a r t  7 ,  
March 1966, pp. 243-247. 
3. Fisz, M. P robab i l i t y  Theory and Mathematical S t a t i s t i c s ,  Third 
Edi t ion.  John Wiley and Sons, Inc., New York, 1963. 
